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ABSTRACT 

We consider a class of parity even, six-derivative gravity theories in three dimen- 
sions. After linearizing around AdS, the theories have one massless and two massive 
graviton solutions for generic values of the parameters. At a special, so-called tricritical, 
point in parameter space the two massive graviton solutions become massless and they 
are replaced by two solutions with logarithmic and logarithmic-squared boundary be- 
havior. The theory at this point is conjectured to be dual to a rank-3 Logarithmic Con- 
formal Field Theory (LCFT) whose boundary stress tensor, central charges and new 
anomaly we calculate. We also calculate the conserved Abbott-Deser-Tekin charges. 
At the tricritical point, these vanish for excitations that obey Brown-Henneaux and 
logarithmic boundary conditions, while they are generically non-zero for excitations 
that show logarithmic-squared boundary behavior. This suggests that a truncation of 
the tricritical gravity theory and its corresponding dual LCFT can be realized either 
via boundary conditions on the allowed gravitational excitations, or via restriction to 
a zero charge sub-sector. We comment on the structure of the truncated theory. 
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1 Introduction 

Higher-derivative theories of gravity in d > 3 have recently received a lot of attention. 
In three dimensions, higher-derivative theories have been used to construct models that 
allow for the propagation of massive bulk gravitons, thus leading to non-trivial models 
of three-dimensional (massive) gravity. Examples are Topologically Massive Gravity 
(TMG) [l] and New Massive Gravity (NMG) |), which have resp. third and fourth 
order derivative terms. The combination of TMG and NMG leads to so-called General 
Massive Gravity (GMG), that is the most general three-dimensional gravity model 
with up to four derivatives that propagates only spin-2 excitations (2j [3] . All these 
models contain a number of dimensionless and dimensionfull parameters and they all 
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have a region in their parameter space in which massive gravitons are propagated in a 
perturbatively unitary fashion around a maximally symmetric space-time. 

On AdS backgrounds there exist special points in the parameter space of these 
higher-derivative gravities at which (some of) the linearized graviton modes coincide 
with each other. Those points are called critical points. Typically, at such a critical 
point, some of the massive gravitons degenerate with the massless gravitons and thus 
the spectrum no longer contains such massive gravitons. Theories at critical points 
are referred to as critical gravities. Away from all the critical points, the massless 
and massive graviton solutions show Brown-Henneaux boundary behavior |4] towards 
the AdS boundary. At the critical point, the massive graviton solutions that have 
disappeared from the spectrum are replaced by so-called logarithmic modes. The latter 
are characterized by a logarithmic boundary behavior that is more general than the 
Brown-Henneaux one. 

The appearance of logarithmic modes is important in formulating the AdS/CFT 
correspondence for critical gravities. At the gravity side of the correspondence, one 
needs to specify boundary conditions for the excitations that are kept in the grav- 
ity theory. The existence of linearized logarithmic modes indicates that, for critical 
gravities, one can formulate consistent boundary conditions that include excitations 
with logarithmic asymptotic behavior. The resulting dual CFT is conjectured to be a 
Logarithmic Conformal Field Theory (LCFT) [5]j7]. The latter are characterized by 
the fact that their Hamiltonian is non-diagonalizable and that their correlators contain 
logarithmic singularities. LCFTs contain operators that have degenerate scaling di- 
mensions with other operators that are referred to as logarithmic partners. Operators 
with degenerate scaling dimensions organize themselves in Jordan cells, on which the 
Hamiltonian is non-diagonalizable. The dimension of the Jordan cells is called the rank 
of the LCFT. LCFTs are typically non-unitary, but have nevertheless been studied in 
condensed matter physics in a variety of contexts, such as critical phenomena, perco- 
lation and turbulence. The conjecture that critical gravities with particular boundary 
conditions are dual to LCFTs, was proposed in the context of critical TMG in |8j 
and was later extended to critical three-dimensional NMG [9, 10 . More checks on the 



conjecture were performed via explicit computation of two-point correlators 11-14 



and partition functions 15 . A higher- dimensional analogue of critical NMG can be 



formulated 16 17 and similar results on logarithmic modes and their holographic 



consequences have been put forward in 18 -21 



An interesting question is whether one can formulate the AdS / CFT correspondence 
with a stricter set of boundary conditions that do not allow all orders of logarithmic 
boundary behavior. On the CFT side, this could lead to a consistent truncation of 
the LCFT. Apart from being interesting for the study of LCFTs, this can also have 
implications for the construction of toy models of quantum gravity; in particular when 
the truncated LCFT is unitary. Truncations of critical gravities have been considered 
for critical TMG 22 and (the higher-dimensional analogue of) critical NMG [9 10,16 



In both cases, the truncation amounts to imposing strict Brown-Henneaux boundary 
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conditions [23]. In the case of critical TMG, the truncation gives the so-called chiral 
gravity theory 22 . This theory is dual to a chiral CFT, implying that, at least classi- 



cally, the theory admits a chiral, unitary sub-sector 24 . In the case of critical NMG 



and its higher-dimensional analogue, the truncated theory only describes a massless 
graviton with zero on-shell energy. Its black hole solutions also have zero energy and 
entropy. The theory thus seems trivial in the sense that the truncation only retains the 
vacuum state, upon modding out zero energy states. It was suggested in 25 that this 
feature is related to a recent proposal 26 , that states that four- dimensional confor- 
mal gravity, with specific boundary conditions, is equivalent to Einstein gravity with 
a cosmological constant. 

The truncations discussed above concern critical TMG and critical NMG, which 



are both dual to two-dimensional rank-2 LCFTs. It was argued in 27 , how similar 
truncations can be defined for rank greater than two in the context of a scalar field toy 
model. This scalar field toy model describes r coupled scalar fields with degenerate 
masses and corresponds to a critical point of a theory with r scalars with non-degenerate 
masses. In particular, at the critical point, the toy model not only contains a massive 
scalar solution, but also r — 1 solutions that exhibit logarithmic boundary behavior. 
For every power n — 1, • • • , r — 1, there is one solution that falls off as log n . Such 
solutions are referred to as 'log™ modes'. For boundary conditions that keep all log™ 
modes, the two-point functions of the dual CFT were shown to correspond to those 
of a rank-r LCFT. This model is a toy model for a parity even theory and it was 
argued that in this case^ there is a qualitative difference between the cases of even and 
odd rank, when considering truncations of the dual LCFT. For even ranks, one can 
define a truncation such that the resulting theory has trivial two-point correlators and 
only seems to contain null states. This is analogous to what happens for (the higher- 
dimensional analogue of) critical NMG. For odd ranks, a similarly defined truncation 
leads to a theory that has one two-point function whose structure is that of an ordinary 
CFT. In addition to that, the theory also contains null states. This indicates that odd 
rank LCFTs might allow for a non-trivial truncation. 

The results mentioned in the previous paragraph were obtained in the context of 
a spin-0 toy model. Although interesting in its own right, such a toy model is limited 
in some respects. Most notably, the model is non-interacting and there is no organiza- 
tional principle, such as gauge invariance, that can suggest interesting interactions. In 
order to study the truncation procedure in the presence of interactions, one needs to go 
beyond this scalar field toy model. It is thus interesting to look at a three-dimensional 
gravity realization of two-dimensional, odd rank LCFTs. 

The precise form of such a spin-2 realization depends on whether one considers 

1 The parity odd case is slightly different in the sense that the left-moving and right-moving sectors 
can behave differently. For instance, in the case of critical TMG one sector corresponds to an ordinary 
CFT, while the other sector corresponds to an LCFT of rank 2. One can then apply the truncation to 
the LCFT sector alone. The full resulting theory is still non-trivial due to the presence of the ordinary 
CFT sector. 
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parity even or odd models. Since the number of linearized solutions propagated by the 
higher-derivative theory is essentially given by the order in derivatives of the theory, 
one can already construct a rank-3, parity odd theory in the context of four-derivative 
gravity, i.e. in the context of GMG. Indeed there exists a critical point in the GMG pa- 
rameter space where the theory propagates one left-moving massless boundary graviton, 
as well as a right-moving massless boundary graviton and two associated logarithmic 



modes, with log and log 2 boundary behavior respectively 28 . This gives a total of four 



modea^j as expected of a four-derivative theory. This critical point is sometimes called 
'tricritical' and this critical version of GMG is correspondingly called 'tricritical GMG'. 
It was shown in 29 , 30 that the structure of the dual CFT is consistent with that of 
a parity violating LCFT of rank 3. Note that the parity oddness of tricritical GMG is 
reflected in the fact that the logarithmic modes are only associated to the left-moving 
massless graviton. In a parity even theory, both left- and right-moving massless gravi- 
tons need to degenerate with the same number of log n modes. One can thus see that 
in order to get a parity even, critical theory that propagates log™ modes with n > 2, 
one needs to consider theories with more than four derivatives. In particular, to get 
a tricritical model, that propagates massless boundary gravitons, log and log 2 modes, 



one has to look at six- derivative gravity models. This was already suggested in 27 



where also the expected form of the linearized equations of motion at the tricritical 
point was given. Higher-derivative gravities in d > 4, that have critical points that can 
be conjectured to be dual to higher-rank LCFTs in more than two dimensions, were 



considered in 31 



In this paper, we look at a specific parity even, tricritical, six-derivative gravity 
model, that we call Parity Even Tricritical (PET) gravity. As suggested in [27], we 
start from a three-dimensional gravity theory that contains generic R 2 and ROR terms, 
where R denotes the Ricci scalar or tensor. We linearize around an AdS3 background, 
and we show that for a certain choice of the parameters, one obtains a fully non-linear 
gravity theory with a tricritical point, at which massless boundary gravitons, log and 
log 2 modes are propagated (at the linearized level). The existence and properties of 
these logarithmic modes lead one to conjecture that the CFT-dual of PET gravity is 
an LCFT of rank 3, if appropriate boundary conditions that include excitations with 
log 2 boundary behavior are adopted. The structure of the two-point correlators of 
such an LCFT is of the form as obtained in 27 in the context of the scalar field toy 
model and similar remarks about truncating the odd rank LCFT by restricting the 
boundary conditions can thus be made. Here we rephrase this truncation procedure 
in a different manner, analogously to what was done in [24] in the context of critical 
TMG. We consider the conserved charges associated to (asymptotic) symmetries and 
we show that the truncation procedure is equivalent to restricting to a zero charge 
sub-sector of the theory. This formulation is useful in the discussion of the consistency 
of the truncation. Indeed, the introduction of interactions can spoil the consistency 

2 For parity odd theories we count all hclicity states separately, while for parity even models we 
will refer to the two helicity states as one mode. 
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of the truncation, as the restricted boundary conditions are not necessarily preserved 
under time evolution. Rephrasing the truncation procedure as a restriction to a zero 
charge sub-sector allows one to use charge conservation arguments to guarantee the 
consistency of the truncation at the classical level. 

The outline of the paper is as follows. In section [2j the PET model will be intro- 
duced as the tricritical version of a parity even, six-derivative gravity theory in three 
dimensions. The linearization of this theory will be given, along with a different formu- 



lation that is second order in derivatives but involves two auxiliary fields. Section 2.3 



contains a discussion on black hole type solutions of non-linear PET gravity. In section 
|3j we consider solutions of the linearized equations of motion. We show that the PET 
model exhibits massless graviton solutions, along with log and log 2 solutions. We give 
arguments that support the conjecture that PET gravity, with boundary conditions 
that include excitations with asymptotic log 2 behavior, is dual to a rank-3 LCFT and 
we comment on the structure of the dual LCFT. The boundary stress tensor, the cen- 
tral charges and the new anomaly of the dual LCFT are calculated on the gravity side, 
and the structure of the two-point correlators will be given. In section [4j we consider 
the truncation of [27] in the PET model. We calculate the conserved charges associ- 
ated to (asymptotic) symmetries and we show that the truncation can be rephrased as 
a restriction to a zero charge sub-sector. We comment on the form of the two-point 
correlators in the truncated theory. We conclude in section [5] with a discussion of the 
obtained results. As mentioned above, GMG also exhibits a tricritical point, where 
the theory is conjectured to be dual to a rank-3 LCFT. In tricritical GMG, a similar 
truncation can be made, and again this truncation can be rephrased as a restriction 
to a zero charge sub-sector. The results necessary to discuss this truncation in this 
parity odd example, have been given in [28] . In appendix|A]we summarize these results 
to illustrate the truncation procedure in a parity odd setting. Appendix [B] contains 
technical details on the calculation of the boundary stress tensor of PET gravity. In 
appendix O we calculate the on-shell energy of the linearized modes in the theory. 



2 A Parity Even Tricritical (PET) model 

As outlined in the introduction, in this section we consider a three-dimensional gravity 
theory with generic R 2 and ROR terms (with R either the Ricci tensor or scalar). 
We linearize this theory around an AdS3 background and we restrict the parameter 
space such that the theory propagates only two massive spin-2 excitations, in addition 
to a massless boundary graviton. We will show that there is a tricritical point in 
the restricted parameter space, where both massive excitations become massless and 
degenerate with the massless mode. The PET model is then defined as the gravity 
theory at this tricritical point. The PET model is of sixth order in derivatives. For some 
applications, it is useful to have a formulation that is of second order in derivatives. 
This can be done at the expense of introducing auxiliary fields. The auxiliary field 
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formulation of our model will be given in subsection 2.2| Finally, in section 2.3, we will 
discuss black hole type solutions of PET gravity. 



2.1 A six-derivative gravity model and its tricritical point 

In three dimensions, the most general Einstein-Hilbert action supplemented with a 
cosmological parameter, R 2 and R\3R termsj^] is 

S = ^£ J d 3 xV^9 {<yR - 2A + aR 2 + PR^R"" + C RnR } , (1) 

where 

Crur = hV p RV p R + b 2 V p R pu V p R p » . (2) 

The dimensionless parameter a is given by 0, ±1, whereas A is a cosmological param- 
eter. The parameters a, (3 are arbitrary parameters of dimension inverse mass squared 
and b\, b 2 are arbitrary parameters with dimensions of inverse mass to the fourth. The 
theory has sixth order equations of motion that read 

oG pv + A v + E i*» + = , (3) 

with 



Efj, u = a \ 2RRpv - l -g^R 2 + 2g^DR - 2V /1 V„i^ + (3 (^-g pu R pa R p<T 

- 4R p R up + DR pu + l -g pv UR - V P V U R + 3RR pu - g pu R 2 ^j , 
H pu = h (v^RVvR ~ 2R pu DR - ^g^ u V Q RV a R - 2(g^D 2 - V P V U D)R 



(4) 



(5) 



1 



+ M V P R P „V V R P ° - ^g lja ,V a R l „V a R pt ' - U 2 R^ - V VV'D^ 



+ 2V p V (p UR u)p + 2V p R pa V { ^Rl ) + 2R pa V p V {p R^ - 2R a ^DR° ) 



2V p R a{p V v) R p ° - 2R a{p y p V v) R p T ) . 



The equations of motion ^ allow for AdS3 solutions with cosmological constant A 
that obeys the equation 

ctA - A - 6A 2 a - 2A 2 (3 = . (6) 



3 Note that this is not the most general six-derivative action. Generic terms that involve cubic pow- 
ers of the curvatures could be added. Such terms would lead to the introduction of extra dimensionfull 
parameters in the model. For simplicity, we will only consider the case where the six-derivative terms 
are of the form RDR in this paper. 
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We will now consider the linearization of the equations of motion ^ around such a 
background. Denoting background quantities with a bar, the metric can be expanded 
around its background AdS3 value g^ u as 

SV = 9 [iv + . (7) 

The background curvature quantities are 

R^upa = ^Ag^g^ , Rpu = ^Ag^ , R = 6A , G^ u = —Ag^ . (8) 

The linearized equations of motion for the metric fluctuation h^ v are then given by 

o = - (2/3 - ±M> 2 )G» v {G{h)) - Ab 2 g^ u (g(g(h))) (9) 

+ (2a + l -[3) (g^D - V M V, + 2kg^) 

- (26 a + b 2 ) (g^U - V M V„ + 2Ag^) Qi? (1) , 

where the constant a is given by 

a = a + 12Aa + 4A/3 . (10) 

The linearized Einstein operator Q^ v is expressed in terms of the linearized Ricci tensor 
R^u and linearized Ricci scalar R^ 

#2 = V p V (M /i, )p - iQ V - i V M V v /i , = -Dh + V p V°h pa - 2Ah , (11) 

as follows: 

G^ = R^-^R W -2Ah^. (12) 

Note that Q^ v is invariant under linearized general coordinate transformations and that 
it obeys 

V^ = 0. (13) 
The trace of the linearized equations of motion ^ is given by 

= ^-io- + 6Aa + 2A/3^ R w + ^4a + ^ - 12A&1 - 5A6 2 ^ Qi? (1) (14) 

- (4^ + Q 2 ^ 1 ) . 

In order to avoid propagating scalar degrees of freedom, we will restrict our attention 
to parameters that satisfy 

&i = -|&2, a= ^ & 2-|/3, (15) 



and we will moreover assume that 



f + jA 2 & 2 -^0. (16) 



The first conditions ( 15 ) then ensure that ( 14 ) does not contain any OijW and CPR^ 
terms, while the assumption (16) entails that (14) implies that = 0. If we subse- 
quently choose the gauge 



we find that simplifies to 
bations in the gauge (17) are transverse-traceless: 



in/ •• t'i> • (1^) 
2Ah and thus h = 0. Hence the metric pertur- 



h = 0. 

The linearized equations of motion (|9| then simplify to 

oQ^ - (2/3 - Ahb 2 )g^(G(h)) - Ab 2 g^(g(g(h))) = o . 

where the gauge-fixed linearized Einstein operator is given by 



-(□-2A) V- 



The linearized equations of motion (19) can be rewritten as[^] 

(□ - 2A) (□ - 2A - Ml) (□ - 2A - Ml) V = 

where the mass parameters M± are given by 

1 



Ml 



2b 2 



A± 



2b 2 



10b 2 2 A 2 - 6b 2 (3A + Ab 2 a + (3 2 



(18) 



(19) 



(20) 



(21) 



(22) 



From equation (21) it is clear that our class of theories, with the restrictions (15) on 
the parameters, has solutions that correspond to a massless spin-2 mode h$ and two 
massive spin-2 modes that satisfy the following Klein-Gordon-type equations: 



(□ - 2A) hf u = , (□ - 2A - Ml) /»gf±> = . 



The case for which 







a 



-4— and b 2 



a 



(23) 



(24) 



is special. At this point in parameter space a = and Ml = 0. This point corresponds 
to a critical point in parameter space, where both massive modes degenerate with the 
massless mode. Since this degeneracy is threefold, the point (24) corresponds to a 
tricritical point. The linearized equations of motion at this tri critical point assume the 
simple forrrj^] 

G,u(G(G(h)))=0. (25) 

This corresponds to the spin-2 version of the equations of motion of the rank-3 scalar 
field model, discussed in |27]. The theory at this tricritical point will be called Parity 
Even Tricritical gravity (PET gravity). 



4 These linearized e.o.m. are contained within the class of theories considered in 31 . 
5 Note that in |25| a six-derivative theory with similar e.o.m. has been considered^ 
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Apart from this tricritical point, there are many other critical points in the (/3, b 2 ) 
parameter space of the presented six-derivative model, where degeneracies take place. 
In particular, there is a critical curve, defined via 

lO^A 2 - Qb 2 (3A + Ab 2 a + (3 2 = , (26) 

where both massive gravitons degenerate with each other, i.e. Ml = M 2 . Similarly, 
there is a critical line, defined via 

3A 2 6 2 - (3 A + 2a = , (27) 

where only one of the massive gravitons becomes massless (e.g. where = 0, while 
generically M 2 7^ or vice versa). The situation is summarized in figure [I] where 
the parameter space for the sixth order gravity model is displayed. The requirement 
that both the masses are real valued (M| > 0) implies that the parameters (3 and 62 
may only take on values within the shaded region. The borders of the shaded region 



are the critical lines (26) and (27), and the /3-axis. The b 2 — > limit corresponds 
to NMG, where one of the masses becomes infinite while the other stays finite and 
corresponds to the massive graviton of NMG. The corners of the triangle denote three 
special limits of the theory. The origin is just cosmological Einstein-Hilbert gravity, 
where both masses become infinite and hence both massive gravitons decouple. The 
other point on the /3-axis is the NMG critical point. Here one of the masses decouples 
and the other becomes zero. The (3 parameter now takes on the NMG critical value 
(3 = 1/m 2 = 2a/ A. The third corner at f3 = —4a/ A and 62 = —2a /A 2 is the tricritical 
point, discussed above. 

2.2 Auxiliary field formulation 

The above PET model is of sixth order in derivatives. For some purposes, such as 
e.g. the calculation of the boundary stress tensor, it is easier to work with a two- 
derivative action. It is possible to reformulate the action ([I]), subject to the parameter 
choice (15), as a two-derivative theory upon the introduction of two auxiliary fields f^ v 



and X^. The action in terms of the metric and the two auxiliary fields is given by 

S =^ I d 3 x^ Lr - 2A + rG, v - {\^f, v - Xf) + /3(A^ - A 2 ) 

L (28) 
+ 2AM 2 - b 2 (A^DA^ - ADA) + 2b 2 (A^V^VA^ - AVV%„) I , 

where A = X^g' 11 ' and / = f^g^ are the traces of the resp. auxiliary fields. The 
equations of motion for the auxiliary fields are 

X^u = R^ u — -^g\ivR , (29) 
fv, = 2f3X^ v - 2Ab 29ilv X + 26 2 (2V {} y p X u)p - UX^ - -^VV^ (30) 
- V^V.A + -g^DXj . 
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10 



p 



5 

M 2 = 



tricritical point 




Figure 1: The parameter space of the sixth order gravity model with A = — 1 and a = 1. A 
similar figure can be made for a = — 1, where the figure is mirrored along the j3 and 62-axis 
and M_|_ and M_ are interchanged. The shaded region denotes where the mass squared of 
both massive modes is either zero of positive. The limit b 2 — > is the NMG limit where one 
of the masses becomes infinite and the other takes values between zero (NMG critical point) 
and infinity (Einstein gravity limit). 



Substituting these expressions into ([28]) gives the action (Fy) with the parameters a and 
bi given by (15), so the two actions Q and (28) are indeed classically equivalent, in 
the parameter range of interest. 

We proceed to linearize this action around an AdS background, where we take the 
following linearization ansatz: 



= (A/3 - 3A 2 6 2 ) {g^ + V) + h 



(31) 
(32) 
(33) 



h^v, ki^ v and k 2vLV1 we find the following linearized action: 



Plugging this into the action (|28|) and keeping the terms that are quadratic in the fields 

(34) 



£ (2) = - \ah^g, u (h) + k^Q^h) + Ib^Q^K 



- (2Ab 2 - p) (K v k Xilv - k\) - {K v k 2ilv - hk 2 ) . 
Assuming that a 7^ 0, the linearized Lagrangian may be diagonalized. After the field 



10 



redefinition 



h 



in/ 



ti, 



2boM 2 



y j y 



M 2 



2(7 



no 



fc2„ v = 4m* + 2b 2 Mik' 1 



fMP 1 



(35) 

(36) 
(37) 



equation (34) becomes a Lagrangian for a massless spin-2 field h' and two massive 



spin-2 fields with mass M\: 



£(2) 



+ 



46 2 



(a + 6 2 Ml) 



1,/ 



(38) 



+ - (a + fo 2 Ml) -jk^GtiuiK) - ~ 4 Ml (k'rK^ - k' 2 2 ) 



In order to make sure that there are no ghosts, we must demand that the kinetic terms 



in (38) all have the same sign. One can see that for a ^ the absence of ghosts 
can not be reconciled with the reality of M|. Away from the critical lines, at least 
one of the modes is a ghost. The same result may be derived from the expression 
of the on-shell energy of the massless and massive modes given in appendix [C| The 
appearance of ghosts away from the critical lines is consistent with results found for 



higher-dimensional and higher-rank critical gravity theories in 31 



At the critical line and the tricritical point, the field redefinitions leading to this 



Lagrangian are not well-defined and the Lagrangian (34) is non-diagonalizable. Let us 



first consider the critical line (27). Here one of the massive modes degenerates with the 



massless mode and one expects that (34) may be written as a Fierz-Pauli Lagrangian 



for the remaining massive mode plus a part which resembles the linearized Lagrangian 
of critical NMG. Indeed, after a field redefinition 



hm> = K*> ~ 4:b 2 ak"^ u - 2b 2 a 2 k' 2 ^ u , 



K — h" 

^2 [lis ""Hiv i 



with a = k(^f + A6 2 ) 1 , the Lagrangian (34) reduces to 



2^ A 



+ 46 2 



\kTQAK) - \m !2 {k'rK^ - kf) 



(39) 
(40) 
(41) 



(42) 



3 One may also redefine the fields with M_ replaced by M + . This will also lead to a diagonalized 



Lagrangian, but the roles of k\ and &2 will be interchanged in ( 38 1 
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with M' 2 = — (^-+A). At the tricritical point (24) this semi-diagonalization procedure 
breaks down and we must work with the non-diagonal action: 

£ {2) = K v G^{h) + 2b 2 k^g^(h) - (k^k 2 , u - hk 2 ) . (43) 

Let us now show how this linearized action leads to the linearized equations of motion 
of (25). The equations of motion derived from (43) are: 



Q^u{k 2 ) = 0, 
46 2 <V(&i) = {hnv - k 2 Qn») 



Since V^G^(ki) = 0, (45) implies 



2^w 



V v k 2 . 



Together with the trace of ( 44 ) we can conclude that k 2 = and thus 



(44) 
(45) 
(46) 



(47) 



(48) 



Also, V^G^ih) = 0, so V^k lfiu = V ' v k x which, together with (48), implies that ^Dki + 
Akx = 0. Using these identities we may rewrite the equations of motion as 

WW)))=0, (49) 



which is what we obtained before in (25). 



2.3 Non-linear solutions of PET gravity 

In this section, we will have a look at some solutions of the full non-linear theory that 
have log and log 2 asymptotics and can be related to black hole type solutions. In 
particular, we will first look at the BTZ black hole [32] . The metric for the rotating 
BTZ black hole is given by 

dv 2 

N ^ (50) 
* r2/ N r 2 o ^ lQG 2 m 2 £ 2 Ar . . 4Gj 

N 2 (r) = -- 8Gm+— 2 , N,(r) = -± , 

where m and j are constants. This is a solution of the full sixth order theory for any m 
and j. The asymptotic form of the BTZ black hole in Fefferman-Graham coordinates 
as an expansion around the conformal boundary y = 0, is given by [33] 

f 2 dv 2 1 

ds 2 = -^--^(dt 2 -£ 2 d<p 2 )+AG(mdt 2 + m£ 2 d<f) 2 -2idtd<f))+0{y 2 ). (51) 

Here and in the following, we use the AdS length I = l/y— A. The mass and angular 
momentum of this BTZ black hole can be calculated using the boundary stress tensor. 
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The calculation of the boundary stress tensor will be given in appendix |Bj while the 



result will be discussed in section |3.2[ Anticipating that discussion, here we give the 
results for the mass and angular momentum obtained from the boundary stress tensoiQ 
for the rotating BTZ black hole: 

M BTZ =f(2„ + f + f) and J BTZ = \{2a + | + f ) . (53) 

Note that for the extremal case, when £Mbtz = — Jbtz, we also have that the constants 
m and j obey j = — £m. In that case and furthermore restricting to the critical points 



and lines specified above, the leading order terms of the metric (51) can be dressed up 



with logarithmic asymptotics [34] , namely one can find solutions of the form 

ds 2 = -(\- ny)) dt 2 +{j2 + F (y)) + 2F (y) idt d( t> > ( 54 ) 

for the functions F(y) to be specified below. These are exact solutions of PET gravity 
that can moreover correspond to a Fefferman-Graham expansion of a log black holej^] 



In case one considers the critical line (27), where either M 2 = or M 2 = 0, the 
function F(y) is given by 

F(y) = 4Gm + k\ogy, (55) 



for some constant k. At the tricritical point (24), where both M\ = 0, we have 



F(y) = 4Gm + klogy + K\og 2 y, (56) 



for constants k and K. When k = K = this solution reduces to (51 ) with j = — £m. 
For K = 0, but k ^ 0, we obtain a solution that falls off as logy towards the AdS3 
boundary. We will refer to this solution as the 'log black hole'. For K ^ 0, we obtain a 
'log 2 black hole', that falls off as log 2 ?/ towards the boundary. The masses and angular 
momenta of these log and log 2 black holes can be calculated using the boundary stress 
tensor. The result for the log black hole is 

3k (2a + b 2 /£ 4 ) 

£M\ Q g black hole — ^log black hole — q j (57) 

while for the log 2 black hole, we obtain 

1 ' ^K. (j 

£Mi og 2 black holc = — J log 2 black hole = — . (58) 



7 The masses and angular momenta are given by boundary integrals of components of the stress 
tensor. Since none of the components depends on the boundary coordinates they are simply given by 

M = 2nlT tt and 3 = . (52) 
8 In order to calculate the mass and angular momentum of a black hole, the terms given in an 



expansion such as e.g. (51 ) are the relevant ones. The solution (54) corresponds exactly to the leading 
terms of an expansion of a BTZ or log black hole, depending on the choice of F(y), and gives rise to 
non-vanishing mass and angular momentum. 



13 



Note that on the critical line (27), the mass and angular momentum of the extremal 
BTZ black hole is zero, whereas the log black hole has non-zero mass and angular 
momentum. In that case there is no log 2 black hole solution. At the tricritical point 
(24), both the BTZ and log black holes have zero mass and angular momentum, whereas 
the log 2 black hole, present at that point, has non-zero mass and angular momentum. 
Black holes at critical lines and points are thus characterized by log n (y) asymptotic 
behavior, where n is a natural number (including n = 0). The black holes with the 
highest possible n- value have non-zero mass and angular momentum, whereas the black 
holes with lower values of n have zero mass and angular momentum. We expect that 
this is a general feature of gravity models dual to higher-rank LCFTs. 



3 Logarithmic modes and dual rank-3 log CFT in- 
terpretation 

Away from the tricritical point, the six- derivative action we considered in the previous 
section propagates one massless and two massive gravitons. At the critical point, 
the two massive gravitons degenerate with the massless one and are replaced by new 
solutions. In contrast to the massless graviton modes, that obey Brown-Henneaux 
boundary conditions, these new solutions exhibit log and log 2 behavior towards the 
AdS3 boundary and are referred to as log and log 2 modes. The existence of these 
various logarithmic modes naturally leads to the conjecture that PET Gravity is dual 
to a rank-3 logarithmic CFT. In this section, we will discuss these modes and their 
AdS / CFT consequences in more detail. We will start by giving explicit expressions for 
the various modes at the tricritical point. We will give the boundary stress tensor and 
use it to evaluate the central charges of the dual CFT at the tricritical point. Finally, 
we will comment on the structure of the two-point functions of the dual CFT at the 
tricritical point. For the calculation of the on-shell energy of the massless, massive, log 
and log 2 solutions presented in this section we refer the reader to appendix [Cj 



3.1 Modes at the tricritical point 



The linearized equations of motion (21) can be solved with the group theoretical ap- 



proach of 22 . We work in global coordinates, in which the AdS metric is given by 

1)2 



ds 2 = — [—du 2 — 2 cosh(2p)dudv — dv 2 + 4dp 2 ) 



(59) 



where u and v are light-cone coordinates. The solutions of (21 ) form representations of 
the SL(2, M.) x SL(2, E) isometry group of AdS 3 . These representations can be built up 
by acting with raising operators of the isometry algebra on a primary state. A primary 

(60) 



state was found in 22 and is given by 
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with F^p) given by 



h-h _|_ 1 



iUh-h)+2\ 
\ 4 cosh p sinh p 







i((ft-fc)+2) \ 
4 cosh p sinh p 
i(2-(h-A)) 
4 cosh p sinh p 



1 _ h-h 

2 4_ 
i(2-(h-A)) _ | 
4 cosh p sinh p cosh 2 p sinh 2 p / 



(61) 



The constant weights h, h obey h — h = ±2, as well as the equation 

(h{h - 1) + h(h - 1) - 2) (2/i(/i - 1) + 2/i(7i - 1) - 4 - £ 2 M 2 ) 
x (2h(h - 1) + 2/i(/t - 1) - 4 - £ 2 M 2 ) = . 



(62) 



This equation has three branches of solutions, corresponding to the massless mode and 
the two massive modes. The massless modes obey (h(h — 1) + h(h — 1) — 2) = 0. The 
weights which satisfy this equation and lead to normalizable modes are (h, h) = (2, 0) 
and (0, 2). They are solutions of linearized Einstein gravity in AdS3 and correspond to 
left- and right-moving massless gravitons. 

The weights of the other two branches obey (2h(h — 1) + 2h(h — 1) — 4 — £ 2 M|) = 
0. For those primaries that do not blow up at the boundary p — > oo, we obtain the 
following weights: 



left-moving : h 
right-moving : h 



h = -\ + \sJl+PMl 1 (63) 
h= l + l\/l + £ 2 Ml. (64) 



These weights correspond to left- and right-moving massive gravitons, with mass M±. 
The condition that these modes are normalizable implies that the masses of the modes 
are real, M| > 0. 

At the tricritical point M\ = and the weights (and therefore the solutions) of the 
massive modes degenerate with those of the massless modes. Like in tricritical GMG, 
there are new solutions, called log and log 2 modes. Denoting these modes by ip log and 
ip log2 resp., they satisfy 



G^m log ))) 








but ^(^ log )^0, 
but £v(£(^ log2 ))^0. 



(65) 
(66) 



mode with respect to Ml£ and by setting M± = afterwards: 



As was shown in [8], the log mode can be obtained by differentiation of the massive 



(67) 



d(Ml£ 2 ) 



Ml=0 



Here ip^M^) is the explicit solution obtained by filling in the weights (h,h) corre- 
sponding to a massive graviton, in (60). The log 2 mode can be obtained in a similar 
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way, by differentiating twice with respect to M±£ 2 . The resulting modes are explicitly 
given by 



^ = f(u,v,p)^%, (68) 

„2 1 

2' 



* =^f(n,v,p) 2 ^%, (69) 



where ij) corresponds to a massless graviton mode, obtained by using (h, h) = (2, 0) 



or (0,2) in (60) and where 



f(u,v,p) = --(u + v) -log(coshp). (70) 

Note that the massless, log and log 2 modes all behave differently when approaching the 
boundary p — > oo. The massless mode obeys Brown-Henneaux boundary conditions. 
In contrast, the log mode shows a linear behavior in p when taking the p — > oo limit, 
whereas the log 2 mode shows p 2 behavior in this limit. The three kinds of modes 
therefore all show different boundary behavior in AdS3 and the boundary conditions 
obeyed by log and log 2 modes are correspondingly referred to as log and log 2 boundary 
conditions. 

The log and log 2 modes are not eigenstates of the AdS energy operator H = L + L . 
Instead they form a rank-3 Jordan cell with respect to this operator (or similarly, with 
respect to the Virasoro algebra). The normalization of the log and log 2 modes has 
been chosen such that when acting on the modes h^ = {ip® u , V'^f, with H, the 

off-diagonal elements in the Jordan cell are 1: 

(h + h) 

Hh„„ = | 1 (h + h) 1 /,,,„. (71) 
1 

The presence of the Jordan cell shows that the states form indecomposable but non- 
irreducible representations of the Virasoro algebra. Furthermore, we have that 

= = , L^f = = L^;f . (72) 

These properties form the basis for the conjecture that PET Gravity is dual to a rank- 




3 LCFT. The modes correspond to states in the LCFT and (71) translates to the 



statement that the LCFT Hamiltonian is non-diagonalizable and that the states form 



a rank-3 Jordan cell. The conditions (71) and (72) indicate that the states associated 



to ip l °]= and ip l °^ are quasi-primary. The only proper primary state is the one associated 
to 

3.2 Boundary stress tensor and structure of the dual CFT 



To learn more about the dual LCFT, we calculate the boundary stress tensor 33,35 of 



PET gravity. In particular, we extract from it the central charges. Since the calculation 
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itself is rather technical and not very illuminating we refer the reader to appendix [B] 
for details. Here we will give the result for the boundary stress tensor for PET gravity: 

1« ^T^critgrav f n , P , 3b 2 \ (2) f n P \ (0) (2) fcj /r,o\ 

l^GT l3 = (2a + - + J 7 ^ - (2a + - 7(o) , ( 73 ) 

where 7^ , 7^ 2 ' ) are the leading, resp. sub- leading terms in the Fefferman-Graham 
expansion of the metric: 



ds 2 = % + ltJ dx*dx^ 7« = ^7ff ) +7§ ) - (74) 



Note that we switched to Poincare coordinates for convenience. The central charges 



follow from the stress tensor 36 and are given by 



3£ / (3 3b 2 \ 
C = ^n = ^{2a + T2+ ^). (75) 

The central charges vanish at the tricritical point, where = 4a£ 2 and b 2 = —2a£ A . 
This lends further support for the conjecture that the dual CFT is logarithmic. Indeed, 
as unitary c = CFTs have no non-trivial representations, CFTs with central charge 
c = are typically non-unitary and thus possibly logarithmic. 



The central charges also vanish on the rest of the critical line (27) where just one 
of the massive modes becomes massless. On this critical line, the dual CFTs are still 
expected to be logarithmic, but the rank must decrease by one with respect to the 
tricritical point. The dual theory on the critical line is thus expected to be an LCFT 
of rank 2. As a consistency check, we note that (non-critical) NMG is contained in our 



model in the limit b 2 —> and (3 —> 1/m 2 . Substituting these values in (75), we see 
that the central charge agrees with the central charge found for NMG in (3l. 

The dual CFT of PET gravity is thus conjectured to be a rank-3 LCFT with cl = 
cr = 0. In that case the general structure of the two-point correlators is known. The 
two-point functions are determined by quantities called new anomalies. If one knows 



the central charges, one can employ a short-cut 29 to derive these new anomalies. We 
do this for the left-moving sector. Similar results hold for the right-moving sector. 

Let us start from the non-critical case, where the correlators of the left-moving 
components O l (z) of the boundary stress tensor are given by 



(O L (z)O L (0)) = ^ i , (76) 



where cl is given by (75). It may be rewritten in terms of the masses M± as 



3fa M 2 _M\ 
° L G Ml + Ml + ± + 2£ 2 MlMl' 1 ' 

Let us first consider the case where only one of the two masses vanishes, e.g. when 
M\ — > 0. In this case, we are on the critical line (27). The CFT dual is conjectured 
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to be a rank-2 LCFT with vanishing central charges. The two-point functions for such 
an LCFT are of the form 



(O L (z)O L (0)) = 0, (78a) 
(^^(0)) = ^ (78b) 

7 1 I 12 

(0 log (z, z) £> log (0)> = - — ^ , (78c) 

where O log (z, z) denotes the logarithmic partner of O l (z). The parameter is the 
new anomaly. It can be calculated from the central charges and the difference of 
the conformal weights of the left-moving primary, (h,h) = (2,0), and the left- moving 
massive mode, see equation (63), via a limit procedure. This difference, up to linear 
order for small M+, is given by 

I £ 2 M 2 

2A LM+ = 2{h L - h M+ ) = (1 - y 1 + t 2 M\) « ^± . (79) 

The new anomaly is then given by 

b L = lim -p— (80) 

4 3£ 3 a M 2 _M\ _ Vila M 2 

~ tM^o ~ l 2 M% G M 2 +M 2 +± + 2PM 2 _M 2 ~ G~ M 2 + f ' (M) 

Note that in the limit 62 — > 0, where we recover critical NMG, we find M 2 — > 00 and 



the corresponding limit of the result (81) agrees with the new anomaly of NMG 13 



At the tricritical point, the correlators are conjectured to be the ones of a rank-3 
LCFT with vanishing central charges: 

(O l {z) £> L (0)) = (O l (z) £> log (0)) = , (82a) 

(O l (z) O los2 (0)> = (C log (^) £> log (0)> = , (82b) 

1 1 1 2 

(O loe (z, z) O log2 (0)> = - ° L f m , (82c) 

1 2 1 12 

(0 log \z, z) O log2 (0)) = aL g 4 m . (82d) 

Here O log (z, z), O log2 (z, z) are the two logarithmic partners of O l (z). The new anomaly 
cil at the tricritical point is obtained via another limit: 

r b L 4 \2£a Ml 48£a 

aL ~ , 2 fe a^Z ~ , 2 fe WW ~g~ WTJ ~ ~g ■ (83) 

Knowledge of the central charges thus allows one to obtain the new anomalies and 
hence fix the structure of the two-point correlators, via the limit procedure of |29|. 
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4 Truncation of PET gravity 



In the previous sections, we discussed the six-derivative PET gravity model and showed 
that the linearized theory has solutions that obey Brown-Henneaux, log and log 2 
boundary conditions. This led to the conjecture that three-dimensional PET gravity, 
with boundary conditions that include all these solutions, is dual to a rank-3 LCFT. 
We have calculated the central charges and new anomalies of these conjectured LCFTs. 

In this section we will consider a truncation of PET gravity, that is defined by only 
keeping modes that obey Brown-Henneaux and log boundary conditions. The same 



truncation was considered in the context of a scalar field toy model in 27 . In this sec- 
tion, we will show that this truncation, phrased as a restriction of the boundary condi- 
tions, is equivalent to considering a sub-sector of the theory, that has zero values for the 



conserved Abbott-Deser-Tekin charges associated to (asymptotic) symmetries 37 38 
We will start by calculating these conserved charges. After that, we will evaluate them 
for generic solutions of the non-linear theory, that obey Brown-Henneaux, log or log 2 
boundary conditions. We will comment on the truncation afterwards. 

In order to calculate the conserved Killing charges we will follow the line of reasoning 



proposed in 37 38] (later worked out for the log modes in NMG in |10|). When the 
background admits a Killing vector £ M , one can define a covariantly conserved current 
by 

/C" = i v T» v , (84) 

with the conserved energy-momentum tensor. This energy-momentum tensor is 
defined by considering a split of the metric in a background metric g^ u (that solves 
the vacuum field equations) and a (not necessarily infinitesimal) deviation 

9iiv = 9p,v + . (85) 

The field equations can then be separated in a part that is linear in h^ u and a part that 
contains all interactions. The latter, together with a possible stress tensor for matter, 
constitute T^. The full field equations, written in terms of take the form 

£f±v a ^h a p = T^y , (86) 

where E iiv <x ® is a linear differential operator acting on h^ u . The energy-momentum 



tensor T M „ is given by the left hand side of equation (86), i.e. the part of the field 
equations linear in h^ u and this was found in section [2j 

Since the current /C M is covariantly conserved, there exists an anti-symmetric two- 
form jF^ u , such that ^ V T^ U = VuJ 7 ' 1 ". The conserved Killing charges can then be 
expressed as 



Q»= / d 2 Xv ^T^^= / dS tV ^j^\ (87) 

J M JdM 

where Ai is a spatial surface with boundary dM.. We may find the expression for T^ v 
for PET gravity by writing the linearized equations of motion ^ contracted with a 
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Killing vector as a total derivative. The first term in the first line of (|9j) is the linearized 
Einstein tensor, which may be written as 



CpG" u {h) = V p \^ v V [p h p]y + £ [p V p] h + h^V p k„ - &V u h p]u + ^/iV^ j • (88) 

In the second term in the first line of ([9]), we may replace h^ v in the above expression 
with Qfj, v {h) to obtain 

i^ v {G{h)) = v p je,v [ ^(/>) + ^v p] g(h) + g^(h)v p ku + ^Wvt} , (89) 

where we denoted g^Q^ih) = Q{h). The same trick can be used to calculate the 
ivG pu {G{G{h)))-teim.. It is given by 

^G pu (G(G(h))) = V p U u V [p G p]u (G(h)) + ^V p] G{G{h)) + G u[p (G(h))V p ku (90) 



(92) 



+ l -G{G(h))V p e 
The last two lines in (|9| are given by 

£„ (Vn - V"V" - j 2 g pv ^ R {1) = -4V P (t [p V p] G(h) + l -Q(h)V p ^ , (91) 
&, (g^D - V P V U - \ 2 9^ Q^ (1) = -4V P (z [p V p] DG(h) + ^pG(h)W£ 
Combining all this, we may write 

lQnG^ = a^G pu (h) - i(2/3£ 2 + Ab 2 )^G pu (G(h)) - Ab 2 ^ u {G{G{h))) 

+ y 2 {b2 + /?Ov P (^V p] G(h) + lg(h)V^ p ) 

1 V 2 J (93) 

+ b 2 V p (i [p V p] UG(h) + )pG{h)V^ 



The first three terms in this expression are given by (88), (89) and (90). We are now 



ready to specify the boundary conditions and explicitly calculate the charges. 
4.1 Brown— Henneaux boundary conditions 

Let us first show that demanding the deviations h pu respect Brown-Henneaux bound- 
ary conditions leads to finite charges. In order to simplify the calculation, we will work 
with the AdSs metric in the Poincare patch. Using light cone coordinates, this metric 
is given by 

ds 2 = —dr 2 -dx + dx~ , (94) 
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where the conformal boundary is at r — >■ 0. We now consider deviations h^ v that fall 
off according to Brown-Henneaux boundary conditions, i.e. the metric must behave as: 



g+- = ~ + 0(l), g++ = 0(i), g- = 0(l), (95) 

I 2 

9rr = ^ + 0{l) , g +r = 0(r) , g_ r = 0{r) . 

The most general diffeomorphisms that preserve the asymptotic form of the metric are 
generated by asymptotic Killing vectors £ that are explicitly given by 



(e+{x+) + jd 2 _e-(x-) + £>(r 4 )^ «9 4 



/ r 2 \ ( 96 ) 

+ f e-(ar-) + -d 2 + t + {x + ) + 0(r 4 ) j <9_ 

+ 2 r {d+£ + {x + ) + d_e~(ar) + £>(r 3 )) d r . 

By choosing the basis such that 

£™ = = 0, e- = e im n , ^ = £(e+ = e^ + , e" = 0) , (97) 

one can see that the asymptotic symmetry algebra, generated by the asymptotic Killing 
vectors, is given by two copies of the Virasoro algebra on the boundary. 

We now parametrize the deviations h^ v in terms of functions f i _ LU {x + , x~) such that 
the Brown-Henneaux boundary conditions (95) are satisfied: 

h— = f—(x + ,x~) + ... , h ++ = f ++ (x + ,x~) + ... , 

h + - = f+-(x + ,X~) + . . . , h rr = f rr (x + ,X~) + . . . , (98) 

h^-f = vf+ r (oc , x )-)-..., h— r — t f— r (x^~ , x )-)-.... 

Here the dots denote sub-leading terms which vanish more quickly as we move towards 
the boundary of AdS3. They do not contribute to the conserved charges. 
The conserved charge is calculated by 

Q = lim-^- f djy/^J*, (99) 



where = \{x + — x ) and t = \{x + + x ). Inserting the boundary conditions (98) 
into (93) we find 



1/3 3 6 2 \ /(e+ + e-)(4/ + _-/„^ ^ (A0U) 



° 2£ 2 2 £ 4 
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The rr-component of the linearized equations of motion gives the asymptotic constraint 

4/+_-/ rr = 0. (101) 

Using this relation, the left- and right-moving charges of solutions that obey Brown- 
Henneaux boundary conditions are given by 

OL = ^f» + s£ + s=) /<*<-/-, (102) 



QR = 7Z^r.(*+li + tt) l^r-U-. (103) 



These charges are always finite for arbitrary values of the parameters. Note that, at 



the critical line (27) and at the tricritical point (24), the coefficients in front of the 
charges vanish and the charges are zero. This is analogous to what happened to the 
mass of the BTZ black hole, calculated via the boundary stress tensor. 

4.2 Log boundary conditions 

Imposing Brown-Henneaux boundary conditions at the critical point only allows for 
zero charges and does not include solutions with log and log 2 behavior (such as for 



instance the log and log black holes given in section 2.3). In order to remedy this 



we need to relax the Brown-Henneaux boundary conditions to include logarithmic 



behavior in r. We may do so in analogy to the log boundary conditions in TMG 24,39 
In Poincare coordinates, we now require that the metric falls off as: 

g+- = ~ + 0{l), g ++ = 0(\ogr), s- = 0(logr), (104) 

I 2 

9rr = ^ + 0(l), g +r = C(rlogr) , #_ r = 0(r logr) . 

The asymptotic Killing vector £ compatible with this new logarithmic behavior only 
changes in the sub-subleading terms: 

t = z+d++cd-+ed r 

r 2 \ 
(x + ) + -d 2 _e- {%-) + 0{r A \ogr)\ d + 

r 2 \ (105) 

r(ar) + y<9 2 e + (x+) + £>(r 4 logr) J <9_ 

+ K (d + e + {x + ) + «9_e-(aT) + £>(r 3 )) d r . 
This ensures that the Virasoro algebra of the asymptotic symmetry group is preserved. 



We parametrize the metric deviations consistent with the boundary conditions (104) 

as: 

h = logrf l ° s i(x + , x~) + . . . , h ++ = logr/++(x + , x~) + . . . , 

h + _ = f° s (x + ,x-) + ... , h rr = fl°z(x+,x-) + ... , (106) 

h+ r = r logrf°r(x + , x~) + . . . , h^ r = r \ogrf°r(x + , x~) + . . . . 
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Imposing the asymptotic constraint from the rr-component of the equations of motion 



(101), we find that the charge, subject to log boundary conditions, is 

(107) 



This expression diverges except at the critical line (27). Note that only on this line 
solutions with asymptotic log behavior are expected and thus log boundary conditions 
only make sense here. At the tricritical point, we find that both left and right charges 
vanish: 

Ql S = 0, and Qr S = 0. (108) 

This is again analogous to what happened to the mass of the log black hole at the 
tricritical point. 

4.3 Log 2 boundary conditions 

We may go one step beyond log boundary conditions and allow for log 2 behavior. This 



is similar to the boundary conditions imposed in 28 for the left-moving modes at the 
tricritical point in GMG, the only difference being that now we deal with a parity even 
theory, so both left- and right-moving sectors need to be relaxed. Transferring the 



log 2 boundary conditions of 28 to the Poincare patch of AdS3 and including similar 



conditions for the right-movers we find that the asymptotic behavior of the metric 
should be: 

g+- = ~ + 0(l) 1 9++ = 0(\og 2 r) , s__=0(log 2 r), (109) 
£ 2 

9rr = ^ + 0{l) , g +r = 0{r log 2 r) , £_ r = 0{v log 2 r) . 

Again the asymptotic Killing vector £ only changes in the sub-subleading term: 

= \e+(x+) + r -d 2 _e-{x-) + £>(r 4 log 2 r)^ d + 

r 2 \ ( U °) 



CO + 2 



d 2 + e + (x + ) + £>(r 4 log 2 r)^ <9_ 



and the Virasoro algebra of the asymptotic symmetry group is preserved. The devia- 
tions h^v are parametrized as: 

h = log 2 rf l °^ (x + , x~) + . . . , h ++ = log 2 rf l °\ (x + , x~) + . . . , 

h + - = f°f(x + ,x-) + ... , h rr = flf(x + ,x-) + ... , (111) 

h +r = r log 2 r/+r x ~) +■■■■> h- r = r log 2 rf l °f (x + , x~) + . . . . 
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Computing the conserved charges at the tricritical point (24) we find 



& = (112) 

Ql? = ^ / # £ + /S 2 , (H3) 

which is finite. Thus we obtain exactly the same structure that we obtained earlier for 
the masses of the BTZ, log and log 2 black hole. 



4.4 Truncating PET gravity 

Above, we have indicated that one can define boundary conditions that lead to finite 
charges at all points in parameter space, that include solutions with possible log and 
log 2 behavior, if these are present at the point under consideration. At the tricritical 
point, the conserved charges for Brown-Henneaux and log boundary conditions vanish 
while the charge for modes with log 2 boundary are generically non-zero. 

it was suggested that any modes with log 2 behavior towards the boundary 



In 
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can be discarded. Only modes which satisfy Brown-Henneaux and log boundary con- 
ditions are then kept. Since the conserved charges associated with Brown-Henneaux 
and log boundary behavior vanish, the truncation of log 2 modes may be rephrased as a 
restriction to a zero charge sub-sector of the theory, in analogy to 24 . More precisely, 



we require that both charges Ql and Qr, corresponding to the left- and right- moving 
excitations, vanish independently. Then — given that e + and e~ form a complete ba- 

and f°f 



si; 



setting the charges given by (112) and (113) to zero implies that / log 



++ 

log 2 



must be zero. Furthermore, there is enough gauge freedom to gauge and /l° r g 
away. Hence, requiring Ql and Qr to vanish is equivalent to imposing log boundary 
conditions. Preservation of the boundary conditions under time evolution can then be 
rephrased as charge conservation, at the classical level. 



The above argument rephrases the truncation of 27 as a restriction to a zero charge 



sub-sector, at the level of non-linear PET gravity. One can also consider this truncation 



for the linearized theory. According to 27 , applying the truncation to the correlation 
functions (82) of PET gravity consists of removing all log 2 operators. Subsequently, 



we find that the remaining two-point functions contain a non-vanishing result for the 
log-log correlator: 



(o L ( z ) e> L (o)> = (o L (z) e> los (o)> 

(O log {z,z) £> log (0)) 



0. 

ol_ 
2Z 1 



(114) 



The structure of the remaining non-zero correlator is identical to that of an ordinary 
CFT. This implies that the log mode in the truncated gravity theory is not a null mode, 
at least in the linearized theory. Truncating linearized PET gravity by restricting to log 



3 This is most easily seen by choosing C 



and 
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boundary conditions may be contrasted to the truncation of (the higher-dimensional 
analogue of) critical NMG [9 10, 16 by restricting to Brown-Henneaux boundary con- 
ditions. Applying the truncation to these theories does not lead to non-trivial two-point 
correlators. 

Similar conclusions can be reached by calculating the scalar product on the state 
space of the CFT dual to linearized PET gravity. This calculation can be done on the 
gravity side, along the lines of 40 . Using the linearized action at the tricritical point 



(43), as well as the ensuing equations of motion (44), (45), (46), we find that the inner 



product on the state space is given by: 



^}\<f>) ~ J d 3 xvf|5 00 {(□ - 2A) V^Ax/v + V^A)(Q - 2A) : 



(115) 



+(□ - 2A)^D (Q - 2A)^} 



where denotes the CFT state corresponding to the mode ip^. Introducing an index 
i that can denote either a massless mode, a log mode or a log 2 mode, 



^ = {^W,V log ,V log2 } 
the scalar product has the following structure: 



(116) 



.4 




;ii7) 



where a, b, c, d are generically non-zero entries. Note that the structure of the inner 



product is similar to that of the two-point functions (82). The inner product (117) is 



indefinite and negative norm states can be constructed as linear combinations of modes 
that have a mutual non-zero inner product. Upon truncating states that correspond 
to log 2 modes, the inner product assumes the form: 



A 




b 



(118) 



where the index % now only corresponds to massless and log modes. After truncation, 
the state corresponding to the massless graviton has zero norm, while the log state can 
have a non-negative norm. The massless graviton state moreover has no overlap with 
the log state, so in principle, at the linearized level in which this analysis is done, the 
truncation could consist of a unitary sector plus an extra null state, in analogy to what 



was found in 27 . 



5 Conclusion and discussion 

In this paper, we have considered three-dimensional, tricritical higher-derivative gravity 
theories around AdS3. These tricritical theories are obtained by considering higher- 
derivative gravities, that ordinarily propagate one massless and two massive graviton 
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states, at a special point in their parameter space where all massive gravitons be- 
come massless. The massive graviton solutions, that ordinarily obey Brown-Henneaux 
boundary conditions, are in tricritical theories replaced by new solutions that obey log 
and log 2 boundary conditions towards the AdS boundary: the so-called log and log 2 
modes. 

GMG at the tricritical point constitutes a parity odd example of such a tricritical 



gravity theory and was studied in 28 . It was also shown that this theory is dual to 
a parity violating, rank-3 LCFT. In this paper, we constructed a parity even example, 
called Parity Even Tricritical (PET) gravity, that is of sixth order in derivatives. We 
have given explicit expressions for the log and log 2 modes and we have given indications 
that the existence of these modes leads to the conjecture that PET gravity is dual to 
a rank-3 LCFT. We have calculated the central charges and new anomaly of this 
LCFT via a calculation of the boundary stress tensor. We have also calculated the 
conserved charges, associated to the (asymptotic) symmetries, and found that, at the 
critical point, these charges vanish for excitations that obey Brown-Henneaux and 
log boundary conditions, whereas they are generically non-zero for states with log 2 
boundary conditions. 

The results of this paper can be put in the context of the findings of [27], where 
a scalar field model was studied, that (in the six- derivative case) can be seen as a toy 
model for PET Gravity. There it was argued that odd rank LCFTs allow for a non- 
trivial truncation, that on the gravity side can be seen as restricting oneself to Brown- 
Henneaux and log boundary conditions. Here, we found that similar conclusions hold 
for PET gravity, at the linearized level. Indeed, upon applying this truncation to the 
two-point correlators of the dual LCFT, the truncated theory still has one non-trivial 
correlator. 

In order to go beyond the linearized level, one should first address the issue of 
the consistency of the truncation, in the presence of interactions. In this paper we 
have made a step in this direction by rephrasing the truncation for PET gravity as 
restricting oneself to a zero charge sub-sector of the theory, with respect to the Abbott- 
Deser-Tekin charges associated to (asymptotic) symmetries. Similar conclusions can 



be made for tricritical GMG using the results for the conserved charges in 28 . This 



reformulation of the truncation of 27 can be useful for showing the consistency of the 
truncation at the non-linear level. Indeed, classically, the consistency of the truncation 
follows from charge conservation [24]. It is conceivable, however, that log 2 -modes are 



generated in higher-order correlation functions 41 . Thus, the calculation of these 



correlators is needed in order to be able to say more about the consistency of the 
truncation, beyond the classical level. 

In case the consistency of the truncation could be rigorously proven, an interesting 
question regards the meaning of the truncated theory. The truncated theory would be 
conjectured to have two-point functions given by eqs. (114). It is unclear what CFT 
could give rise to such two-point functions. Moreover, naively the truncation does not 
affect the value of the central charge. The truncated theory would still seem to have 



26 



zero central charges and hence be either non-unitary or trivial. Moreover, it is unclear 
whether zero charge bulk excitations can account for the apparent non-triviality of the 
truncated LCFT . It thus seems very hard to obtain non-trivial, unitary truncations and 
it is likely that the apparent non-triviality is an artifact of the linearized approximation. 
It is however useful to note that the correlator of two logarithmic operators O l ° s has the 
form of a two-point function of the left-moving components of the energy-momentum 
tensor of an ordinary CFT with central charge given by the new anomaly a^. It thus 
seems that the logarithmic operators play the role of the energy-momentum tensor in 
the truncated theory. It remains to be seen whether this is the case and can possibly 
lead to a unitary theory. 
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A Truncating tricritical GMG 



In this section, we will consider the truncation procedure of 27 in the context of 



tricritical GMG. The main results that are necessary for this discussion were obtained 
in 28 . In this appendix, we will collect these results and interpret them in terms of 



the truncation procedure. 



A.l GMG and its tricritical points 

The action of General Massive Gravity (GMG) is given by (3 



S 



1 



16nG 



N 



where the Lorentz-Chern-Simons term (LCS) is given by [T] 



'LCS — 2 £ 



v a f) r 13 -i r a r 7 

1 nP u v L pa ' g 1 /j.~( L v/3 L pa 



(119) 



(120) 



The parameters m, \x are mass parameters, while a is a dimensionless sign parameter 
that takes on the values ±1 and Ao is the cosmological constant. In particular this 
model has an AdS solution with cosmological constant A = — I /I 2 for 



Ao 



1 



121) 
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The linearized equations of motion of the GMG model are given by 
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(v L v R v M+ v M -h) v = 



(122) 



where h^ u denotes the perturbation of the metric around a background spacetime, that 
will be taken as AdS in the following. The differential operators T> M , V L , T> R are given 
by 

{V M V = € + ~^e^V a , {V L I «)/ = &± ie*>Va • (123) 



The mass parameters M± appearing in (|122|) can be expressed in terms of the GMG 
parameters as follows 



10 




am 2 + 



M_ 



m 
2/x 




am 2 + 



rrr 



Afi 2 



(124) 



The GMG model has various critical points and lines in its parameter space where 



several of the differential operators in (122) degenerate. These were discussed in more 



detail in [29 1. Figure [2] shows a plot of the parameter space of GMG. Here the critical 
lines where Cl = and cr = 0, whose expressions are given by (127), are displayed as 
well as the critical curve where M + = M_ . The NMG and TMG limits of GMG are on 
the 1 / m 2 and 1 / /i-axis respectively and whenever a critical line intersects with one of 
them, critical TMG or NMG is recovered. At the origin both masses become infinite 
and decouple. This point corresponds to Einstein gravity in three dimensions. In the 
following we will be mainly interested in the tricritical points, where three operators 



of (122) degenerate. There are two such tricritical points, given by the following 



parameter values: 



2«2 



point 1 : m 
point 2 : m 2 £ 2 



-a . 



-2fj£ 



-a . 



(125) 
(126) 



At point 1, the operators T> M+ and T> M - degenerate with P L , whereas at point 2, they 
degenerate with T> R . We will mainly focus on the first of these two critical points; 
results for the second critical point are obtained in a similar manner and mainly follow 
from exchanging L and R. 



A. 2 Tricritical GMG as a log CFT 

According to the AdS/CFT correspondence, GMG around an AdS background is dual 
to a two-dimensional conformal field theory (CFT), living on the boundary of AdS. 



u The mass parameters M± in eq. (124) can assume both positive and negative values. The physical 
masses are thus given by the absolute values of M±. The helicities of the corresponding modes are 
then given by the signs of M±. Note that M± do not necessarily need to have opposite signs or 
helicities. 
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Figure 2: The parameter space of GMG with 1 = 1 and a = +1. In addition to the tricritical 
points in the left- and right-moving sector the NMG and TMG critical points are displayed. 
For a = — 1 the plot looks the same, only mirrored in the l//i-axis. 



The central charges of this CFT have been calculated in [28J and are given by 



3f 



2G 



N 



O + 



2m 2 £ 2 



1 



cr 



3(: 



2G 



N 



O + 



1 1 

2m 2 l 2 + Jd 



(127) 



From (125), we then see that at the tricritical points the left- and right-moving central 
charges assume the following values: 

point 1 : Cl = , Cr 
point 2 : cl 



G 



Ma 
Gn ' 

CR = 0. 



(128) 



N 



We thus see that at the tricritical points the central charge of the sector where the 
degeneracy in (122) takes place, is zero. 

One can say more about the structure of the dual CFT, by examining the solutions 
to the linearized equations of motion (122) at the critical point and applying holo- 
graphic reasoning. We will focus on the critical point 1, where the equations of motion 
are given by 

(V L V L V L V R ti) v = . (129) 

One can show that the solution space of these equations is spanned by solutions h R , 
h L , h l °z and h log2 that obey 

(W)^ = o , 

(V L h L )^ = 0, 
(V L V L ti°z)^ = , 



but (V L ti°z)^^0 
0, but (V L V L h log2 



(V L V L V L h log 



7^0 



(130) 
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Using the explicit expressions of these modes [8 22 , one can see that the modes h R , 
h L fall off towards the AdS boundary in the way that is given by the Brown-Henneaux 
boundary conditions. The modes h log , /i log2 on the other hand do not obey the usual 
Brown-Henneaux boundary conditions, but are characterized by a log-, resp. log 2 - 
asymptotic behavior towards the boundary. In formulating the AdS3/CFT 2 correspon- 
dence, the issue of boundary conditions is essential. In order to define a theory of 
quantum gravity on AdS3, one has to specify boundary conditions, that are relaxed 
enough to allow for finite mass excitations and restricted enough to allow for a well- 
defined action of the asymptotic symmetry group. In the case of tricritical GMG, it has 
been shown in 28 that one can formulate a consistent set of boundary conditions that 
allows for excitations with both log and log 2 fall-off behavior towards the boundary. 



The conserved Abbott-Deser-Tekin charges for GMG were also calculated in 28 



We are only interested in the charges of tricritical GMG, using (125). For Brown- 
Henneaux boundary conditions we find 

Q£MG = j and qGMG = *_ f ^ £ - f _ (m) 

071UNI J 



equivalent to (102) and (103) resp. for the PET model. Imposing log boundary condi- 
tions we find 

Q2 MG = , and Ql MG = ^r~ p [ d0e-/i°f . (132) 
For log 2 boundary conditions we obtain 

)GMG _ a f AA^+Aog 2 , n GMG _ °_ / AA -f\og 



Truncating tricritical GMG means that we restrict the theory to the Ql = sub- 
sector. This restriction reduces the log 2 boundary conditions to log boundary condi- 
tions. Charge conservation then guarantees that the boundary conditions are preserved 
under time evolution and the sub-sector thus decouples from the full theory. 

As is the case in chiral gravity, the Ql = sub-sector still contains the right-moving 
massless Einstein modes. However, in contrast to chiral gravity, the left-moving sector 



contains a non-trivial two-point function for the dual logarithmic operators. From 29 
we find 



(O lo *(z)O l °z(0)) = , (134) 



with Bl = 4£<t/Gn- Like in truncated PET gravity, this correlation function has the 
same structure CIS db CFT two-point function. 



B Details on the calculation of the boundary stress 
tensor 

The variational principle for a higher-derivative theory, such as the PET model, is an 
ambiguous task. Imposing boundary conditions only on the metric field is not suffi- 
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cient to make the whole boundary term vanish. To fix the boundary conditions we will 
employ a method put forward in 42 , introducing auxiliary fields. The boundary con- 
ditions are then given by demanding that the variations of the metric and all auxiliary 
fields vanish. The first variation of the action is zero if the boundary term only consists 
of terms multiplying 5g^ u , 5f^ v and ^A^, but no derivatives thereof. For the metric 
g^y and the auxiliary field / M „ this implies adding a generalized Gibbons-Hawking 
term 42 . Unfortunately, our action depends also on explicit derivatives of A Ml/ , thus 
we have to add another counterterm to remove all boundary terms proportional to 



SS 



The boundary term of the variation of the action (\2S\j in full detail reads 
1 



16nG 



[ d 2 x - (A^ - A«) SKy + {AJK* - V k [ y -A y k )} 7 «+ 

JdM ( A 



<dM 



'J 



+ b 2 n c 



V a X^6X^ - X^VJX^ + Xg^VJX^ - (V a X)g^6X^+ 



+ 2A/V d 5A 5 , - 2(VXJ>)6X aS - 2XV v 5X av + 2(V^A)5A Q „+ 
+ X^(V s X, u )6g 5a - ^(VaX^Sgsp + 2X^(V a X u s )Sg Stl - 
- 2X^{V s X av )8g Slx + X^XjVcSgsp - V a (A^A/)^ M + 



+ 2A/(VV)<^ - A(VA)% Q + -X(V a X)g^5g 

- 2X{V a X Sv )5g 5 „ - XX 5v V a g Sv + V a (XX 5u )5g Sv - 3X a v (V s X/)Sg sp 
+ X^{V & X av )5gp S - X s "(V a X/)8g S p - W(V,X 1/ s )5g a5 + 
+ 2X Sv (V 5 X au )g^5g^ - AX w X vS V^5g s ^ + 2X av X v5 g^V s 5g^+ 
+ 4V^X^X u5 )5g 5 a - 2V\\ 5v X a v )g^5g^ - 2V ' a (XX sp )Sgsp+ 
+ 2X{V s Xj)8gsp - X(V a X^)5g 5(S + 8X{V p X/)Sg Sa - 

- AX(V 5 X Sa )g^5g^ + 2XX^V a 5g S p 

where is the vector normal to the boundary, Kij the extrinsic curvature and A 
(a — f/2)g flv + f^ v . In the first line we used the identities of our background (74) 

y 

2 

1 



(135) 



[0,0, -y] 

yKij 



= V(»nj) 



Ft 



-pi _ _ z T( l Y l — yv 

yk k yy yi 



r: 



0. 



(136) 



To get rid of all derivatives on 5X fll , we add the following term: 

'dM 



'aux— A 



16ttG 



/ d 2 xy/=jn a [(A"" - Xg^VaX^ + 2XV v X av - 2A/V%J . 

JdM 



(137) 



This also removes many terms of the form V^tfg^, but not all. Varying the term (137) 
introduces further derivatives of variations of the metric, hence we can only fix the 
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generalized Gibbons-Hawking term after taking into account all contributions from 



(137). After performing some algebra we see that we have to add 

/ggh = / d 2 xV=7 [A y y K + A ij Kij - 2b 2 XX y y K - 2b 2 XX ij K ij ] (138) 

lD7TGr Jg M 

as the generalized Gibbons-Hawking counterterm. We have now obtained a boundary 
term that schematically takes the form 

S{S + J aux _ A + J GGH ) \ dM = / d 2 xy/=y\ {... )6-y ij + (...)5f ij +(... )8X IMV \ . 

JdM L J 

(139) 

Thus, the first variation of the action vanishes if we set the variations d>7y, Sfy and 
SX^ U to zero at the boundary. 

Finally, we need another holographic counterterm 



ct ' lQnG 



d 2 x^(2a + ^-^) (140) 

dM 



to find the renormalized action. Plugging in the on-shell values for f^ v and X^ v we can 
read off the stress tensor from the identity 

5S rcn = 5(S + I aux - X + /ggh + ht) = I [ d 2 xv/=7~ T ij 8j^ . (141) 

* JdM 



The final result obtained from ( 141 ) is 



ifi n T^critgrav f n P , 3&2\ (2) f n P\ (0) (2) fcj M An\ 

l&irGTij = (2a+- + -{ 2(T + -p phTkilio) ■ (142) 

C Graviton energies 

This appendix is devoted to the calculation of the on-shell energies of the linearized 
graviton modes given in section [3j We may do so by constructing the Hamiltonian of 
the six-derivative gravity theory. In order to achieve this we need to define what are the 
canonical variables. This is most easily done by using the auxiliary field formulation 



of section 2.2, where the definition of the canonical variables and the Hamiltonian is 



the standard one. 



C.l Energy of the massless and the massive modes 

For the on-shell energies of the massless and the massive modes, we may use the 
diagonalized Lagrangian (38). The original metric perturbation h^, defined as g^ u = 
9fiu + h^ u , consists of the massless mode and both massive modes. In the renewed 
definition, h' is only the massless mode. The massive modes ^f,^ and tpj^? are 
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proportional to k' lfiu and k' 2liV , resp. We will take the constant of proportionality as the 
inverse of the shifts in (35): 



k' - a ib KU 



2b 9 M 



2 T fJ,U 5 



k' 



PlV 1 



(143) 



where tf) M± are the solutions (60) with the weights (63) and (64). We may now calculate 



the Hamiltonian from (38), using as canonical variables h' , k' lliV and k' 2fliy . Since we 
are only interested in the on-shell energies, we may take the fields to be transverse and 
traceless when computing the Hamiltonian. The result is: 

H = ^ J d 2 xv^ j - aVV^V + ^ i? + hMi) V^^V (144) 



+ J_ (<j + b 2 Mt) V Q k'/ v ti- 



er 



2/iu 



£ (2) 



with given by (38). Evaluating this for each of the modes we obtain the expression 



for the on-shell energies of the linearized modes: 



E° 

E M ± 



a 



32nG 
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(145) 
(146) 



When taking the NMG limit 6 2 — > 0, one can see from (22) that of the masses becomes 



infinite and decouples. For the other massive mode and the massless mode the energy 



reduces to the expressions found in 19 . On the critical line (27) and at the tricritical 



point (24) we can not trust the expressions above, since the Lagrangian from which 



they are derived is no longer valid. Instead, we must use the Lagrangians (42) and (43) 



to define the Hamiltonian at these special values in the parameter space. We will do 
so below. 



In order to make sure that there are no ghosts, ( 145 ) and ( 146 ) must have the same 
sign. The integrals are all negative, so we must constrain a > and (<r + b^M^.) < 0. 
It can be shown that this constraint is equivalent to demanding that the kinetic terms 



in (38) all have the same sign. 



C.2 Energy of the log and log 2 modes 



At the critical line (27) the linearized Lagrangian becomes (42). It consists of a Fierz 



Pauli Lagrangian for one massive spin-2 field and a part which resembles the linearized 



Lagrangian of critical NMG. From the equations of motion of (42 ) we may conclude that 



k" corresponds to the remaining massive mode ip^ v . The field h" now corresponds 
to the log mode, 
derive that 



If we take h"^ v 



k" 



then from the equations of motion one can 
= 2(2a + A 2 6 2 )^. (147) 
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The Hamiltonian, constructed from (42) with the double primed fields as canonical 



variables and again taking the fields to be transverse and traceless, reads 



H 



1(Lg J d2x ^{^°k'rh% + 2b 2 V°k'rK„ - £ (2) } , (148) 



where here is given by (42 ). From this we can derive that the energy of the massive 
mode is given by (146) with a = and M± = M', while the massless mode has zero 



energy. To obtain the energy for the log mode, we plug in = ij) l °f= and (147): 



£ los = (2a + A 2 b 2 ) J d 2 x^VV^ 



(149) 



At the tricritical point this expression is ill-defined, since the Lagrangian (42) is not 



valid at this point. At this point the linearized Lagrangian (34) reduces to (43). For 



transverse and traceless fields the corresponding Hamiltonian is given by ( 148 ) with the 



primes removed and with given by equation (43). The equations of motion (44) 

log 2 



(46 ) tell us that if we take h 



^°f, then fc 1/w = A#+|A^ and k 2flv = 46 2 A 2 ^. 



This gives at the tricritical point 



a 



fii/ 



(150) 



This expression is finite everywhere and positive for a = +1. The on-shell energy of 
the massless mode may be calculated by taking = ijp . This choice requires that 
ki^ v and k 2piV are zero and the on-shell energy of the massless mode vanishes. For the 



log mode we take 
to 



which implies that k 



Aijj and k 2fiu 



tricritical 



a 



AixG 



d ii 



0. This leads 



(151) 



Even though the truncation of the log 2 modes is defined via boundary conditions for 
the full non-linear theory, at the linearized level the non-vanishing of the log mode 
energy at the tricritical point suggests that the truncated theory may be non-trivial. 
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